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A paradigmatic model in mathematics

As a historian of mathematics in China, | am particularly
interested in the cultural contexts out of which mathematical
procedures grew to solve combinatorial questions: logic,
grammar, lottery, games of chance or strategy, and inter-
rupted games all were playgrounds of combinatorial practice
to explore experimentally and theoretically the number of
possible outcomes, combinations or permutations.

Judging from the few mathematical sources available in
China, it seems, that the formation and transformation of
the lines in a hexagram were the paradigmatic model on
the basis of which number theoretic patterns were to be
observed inductively and independently of cosmological
considerations. This went as far as considering diagrams with
more than six lines, or bringing the broken and unbroken lines

1 Université des Sciences et Technologies de Lille, U.F.R de Mathéma-
tiques, Laboratoire Paul Painleve, 59655 Villeneuve d'Ascq Cédex, France.
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to such level of abstraction, that an alternative ordering of the
sixty-four hexagrams emerged from their purely mathematical
interpretation.
In this session, | focused upon a late Qing dynasty text by
Wang Lai 7E% (1768-1813), The Mathematical Principles
of Sequential Combinations (Dijian shuli JEF%EFE), which
intends to make apparent the underlying ‘principles’ (/i
) of two general procedures solving the following two
combinatorial questions:

1. when choosing & objects without repetition from a set of

n, how many combinations C}’ are there?

2. whatisthesum S,, = >~ C} of all these combinations
Cpfork=1,2,..n7

To justify the procedures solving these questions, Wang relies
on diagrams with a separate explanatory discourse using (in-
complete) induction. He gives only one example drawn from
divination with hexagrams and asking how many transforma-
tions of lines are possible, when we start from a certain hexa-
gram (the answer is 63). There is an even earlier manuscript
by Chen Houyao [#/E## (1648-1722), the Meaning of Meth-
ods for Alternation and Combination (Cuozong fayi $£471%:35),
that links explicitly combinatorial practices in hexagram divina-
tion to mathematics.

Chen's essay deals systematically with problems of permu-
tation and combination in the case of divination with trigrams,
the formation of hexagrams or names with several characters,
combinations of the ten heavenly stems (tiangan X1) and the
twelve earthly branches (dizhi #137) to form the astronomical
sexagesimal cycles. Games of chance such as dice throwing
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and card games equally serve as a model to discuss algo-
rithms for calculating combinations with or without repetition.
In the foreword to his treatise, Chen Houyao underlines the
originality of his contribution to the mathematical tradition in
China but explicitly links the expression cuozong in the title of
his treatise to the Book of Change:

The Nine Chapters® have entirely provided all
[mathematical] methods, but they lack of any type
of method for alternations and combinations. The
[Book of] Change says: ‘By three, by five, through
the transformations; alternating and combining
[cuozong] the numbers.™

By ‘alternating and combining’, one forms the
numbers themselves from heaven and earth. As
for example, by mutually alternating pairs even
and odd, one forms the hexagrams, by mutually
alternating the stems and branches, one forms
the calendar, by mutually alternating the colors,

2 Reference to The Nine Chapters on Mathematical Procedures (Jiu
zhang suan shu JLEHAf), the foundational and canonical work of math-
ematics in ancient China, compiled approximately during the first century
A.D.

3 SeeJames Legge, (trans.). The Yi King, volume16 of Sacred Books of
the East. the Clarendon Press, Oxford, 1882, p. 369-370:

[The stalks] are manipulated by threes and fives to determine
[one] change; they are laid on opposite sides, and placed one
up, one down, to make sure of their numbers; and the [three
necessary] changes are gone through with in this way, till they
form the figures pertaining to heaven or to earth. Their numbers
are exactly determined, and the emblems of (all things) under
the sky are fixed.
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one forms the brocade, by mutually alternating
the five sounds, one forms the melodies. When
one pushes this further, from ten to one hundred
thousands, there is not one that would not as a
consequence of alternation have the charm of the
have the charm of the inexhaustible.*

The very first problem that Chen states in his text takes the
hexagrams as an abstract model for combinatorial considera-
tions. He shows two ways to calculate the possible numbers
of combinations in configurations with an abritrary number of
lines. Both ways relate constructively to the hexagrams:

1. one can either superpose one line after the other, the
number of configurations with n lines then is calculated
as 2". In the case of the hexagrams, i.e. a configuration
made up of six lines, each either broken or unbroken, he
underlines that the calculation of all possible combina-
tions (with repetition) can either be obtained by succes-
sive multiplication of the two possibilities:

Number of configurations consisting of 2 lines =2 -2 =4

Number of configurations consisting of 3 lines =4 -2 =8

Number of configurations consisting of 6 lines = 32 - 2 = 64

4 Chen Houyao F/EfE. Cuozong fayi #4735 (The Meaning of Meth-
ods of Combination and Alternation). End of 17th cent. Reprint in Guo
Shuchun et al. 5% (eds.). Zhongguo kexue jishu dianji tonghui. Shuxue
juan FEIRIER TSRS, B2%, 5 vols. Henan jiaoyu chubanshe
FIFE#E H kL, Zhengzhou, 1993. vol. 4, pp. 685-688, here p. 685.
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2. or one can superpose repeatedly, say n times, entire
trigrams (of which there are eight). In this case one finds
the total number of possibilities by considering 8”.

Here is the problem-answer-procedure text®:

Let us suppose that the odd line is the Yang, and
that the even line is the Yin. One even or one odd,
one superposes until one obtains six lines. How
many hexagrams does one obtain? [The answer]
says: Sixty-four hexagrams.

The method says: One even, one odd, by counting
this makes two. If one multiplies two by two, one
obtains the four diagrams with two lines. If one
multiplies again by two, one obtains the eight
diagrams of three lines. If one multiplies again
by two, one obtains the sixteen diagrams of
four lines. If one multiplies again by two, one
obtains the thirty-two diagrams of five lines. If one
multiplies again by two, one obtains the sixty-four
diagrams of six lines. If one superposes up to
seven lines or more, one obtains the result equally
by successively multiplying by two. Alternatively,
one multiplies by itself the eight diagrams of
three lines, one obtains the sixty-four diagrams
of six lines. It is by multiplying by itself the said
number obtained, that one saves half of the
multiplications.

Let us suppose that we have the eight trigrams
(bagua /\#M) Qian &7, Dui >, Li &, Zhen Z, Xun

5  Translated from [Chen 1993], op cit, vol. 4, p. 685.
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82, Kan X, Gen K, and Kun 3. By multiplying
and superposing them, how many diagrams
should we get? By superposing once more, again,
how many diagrams should we get?

The answer says: When superposing at first, 64
diagrams, when superposing once more, 512
diagrams.

The explanation says: Gua #I originally do not
have three characters [i.e. three trigrams, thus
nine lines]. Now, we wish to explore (giong %3)
the numbers of its superpositions, that is the
reason why we repeatedly add on to infer (tui #)
them. Each time (mei yi ci &—1X) when adding
on one character [of three lines], one should
also repeatedly multiply (lei cheng 2 7€) this [the
number from the previous configuration] by eight.
This gives the result.

Jiao Xun £1, in his Explanation of Addition, Subtraction,
multiplication and division (Jiajian chengchu shi I ZEERTE,
1797), goes even a step further in abstracting from the cos-
mological implications of the hexagrams, and links the trans-
formations of lines in a hexagram to the Arithmetic Triangle.
It first appeared in China in a chapter on algorithms for root
extraction, in Yang Hui's 5 Detailed explanations of The
Nine Chapters on mathematical methods (Xiangjie jiu zhang
suanfa #EfR 1L ER %, completed in 1261), but we know, that
it must have been circulating a century earlier.

The fact that Jiao's diagram ends with the sixth power of a bi-
nomial (see the coefficients 1, 6, 15, 20, 15, 6 and 1, whose
sum is 64, in the bottom line of figure 0.1) is explained by Jiao
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Figure 0.1: Jiao Xun £1d, Jiajian chengchu shi JNjEsREREE
(1797)

Xun as follows:

This carries the signification of hexagrams which
end with 64.°

In a manuscript version of the Explanation of addition, subtrac-
tion, multiplication and division, Jiao Xun uses the arithmetic
triangle as a generator of a new order for the hexagrams. He

6  Jiao Xun £E7E. Litang xuesuan ji B 522 ZE (Collection on Mathemat-
ical Learning from the Hall of Li). Jiaoshi £, Jiangdu LR, 1799, here:
juan 2 p. 18b.
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reads the binomial:
(a+b)% = 1a° + 6a°b 4 15a*b? 4 20a°b® + 15a%b* + 6ab° + 16°

in terms of possible mutations of the two types of lines of a
hexagram. This idea is shown in figure 0.2, where Jia and
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Figure 0.2: Jiao Xun 7E, Jiajian chengchu shi NN RERTE
(1797)

Yi can be interpreted as the two continuous and interrupted
lines respectively. Starting from the hexagram containing six
Jia-lines (to the very right of figure 0.2, it is also the one pos-
sibility, cf. 1a%, we have when muting zero lines), there are
six possibilities (cf. 6a°b) to mute one line. When we mute two
lines, there are 15 possibilities (cf. 15a*b?) leading to hexa-
grams with four Jia and two Yi-lines, etc.
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Wang Lai (1768-1813)

At the center of our reading session was a printed text by
Wang Lai {1:2€. Completed in 1799, the text was published
in the second half of scroll four of his collected writings,’ pre-
cisely where Horng Wann-Sheng?® locates the watershed be-
tween the Qian-Jia school, 18th-century Chinese mathemat-
ics and Wang Lai’s studies that led Chinese mathematicians,
like Li Shanlan into the 19th century. A closer look at the struc-
ture of The Mathematical Principles of Sequential Combina-
tions reveals Wang Lai's preoccupation to bring procedure,
diagrams and explanations to the forefront, and complement
these elements by a paradigmatic numerical example drawn
from the realm of divination. The text contains the following
elements in sequence:

» Ageneral introduction to the subject, which gives the following
elements:

— (lines 1 to 16) an explanation of what ‘configurations of
sequential combinations’ (dijian zhi shu &3~ %) gen-
erally are;

— (lines 17 to 33) a method to obtain the ‘total num-
ber of sequential combinations’ (dijian zhi zongshu
SEHZHI): S, =S, COp.

— (lines 34 to 66) a method to obtain the ‘partial number of
sequential combinations’ (dijian zhi fenshu JE3& 2 57 #%):
cr.

7 Juan 4 of Hengzhai’s Mathematics (Hengzhai suanxue f75 5.
Reprint see [Guo 1993] op cit. vol. 4, p. 1512-1516.

8 Horng Wann-Sheng. it &4 . Qingdai shuxuejia Wang Lai de lishi ding-
wei JECEEFITERKAFE S ENAL (The Place of Wang Lai in the History of
Chinese Mathematics ). New History Journal #7512 11(4):1-16, 2000.



Divination with Hexagrams as Combinatorial Practice

(lines 67 to 87) A ‘diagrammatic explanation’ (tujie [Elf#) of
the total number of sequential combinations for 10 objects"
S, forl <n <10.

(lines 88 to 93) A ‘diagrammatic explanation’ (tujie [Elf#) of
the partial number of sequential combinations for 10 objects’,
the C}°fork =1,...9.

(lines 94 to 134) Five explanations (jie fi#)° concerning the use
of the procedures for ‘triangular piles’ for the ‘partial numbers
of sequential combinations’.

(lines 135to 167) An example: a problem related to divination;

(lines 168 to 197) A procedure to calculate plane triangular

piles:
1)
Zk -netd)

a procedure to calculate ‘solid triangular piles’:

zn:kkJrl n(n+1)(n+2)

pot 1-2-3
a general method to calculate ‘triangular piles’, or in mod-
ern mathematical terms, the sums of finite arithmetic series
of higher orders.

(lines 198 to end) An example: calculation of the ‘fourth-order
triangular pile’ for n = 5.

After an introductory definition of his subject matter, Wang Lai
thus illustrates his general method to calculate the total sum

The term jie is used in the translation of Euclid's Elements to designate
a first part of the demonstration (/un), which is a rewriting of the proposition
to be proofed with reference to the particular diagram of that proposition.

10
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of combinations S, = Y, C}'. The indicated algorithm cor-
responds in modern mathematical terms to a recursive proce-
dure: successively one doubles the ‘root', i.e. the preceding
result, and adds one unity. Given a set of n objects, and start-
ing off with S; = 1, Wang prescribes n — 1 iterations of the
following operations for k = 2, ...n:

Sp=2%5,_1+ 1.

The corresponding figure (see figure 0.3) depicts for n = 10
the n — 1 iterations of these operations, successively doubling
in length and extending by a unitary element a horizontal bar.
One thus obtains Sy = 1023.
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Figure 0.3: Wang Lai (1768-1813), Mathematical Principles of
Sequential Combinations

11
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Some historians'? claim that Wang Lai recognized here the
remarkable identity:

n
d cp=2—1.
=1

But no explicit mention of the fact that 1023 = 2'° — 1, nor of
any kind of generalization can be found in his text.

The following procedure calculates the possible outcomes of
drawing i objects out of a set of n objects, which correspond
to sums of higher order series. It is an extension from the
Yuan dynasty Chinese tradition of considering piles of dis-
crete objects in different geometric shapes as ‘figurate num-
bers’."! Zhu Shijie 1 #E had already calculated certain of
these sums in his Jade Mirror of Four Elements (Siyuan yujian
Yot E$#, 1303), but without explicitly referring to problems
of combination. For the first time in the transmitted Chinese

10 See for example Li Zhaohua Z=Jk#E. Wang Lai «Dijian shuli», «San-
liang suanjing» luelun E3 GEFEEE) , (2WMELK) B (A short dis-
cussion of the «Mathematical Principles of sequential combinations» and
the «Mathematical Classic of two and three» by Wang Lai). In Wu Wen-
jun =3 (ed.), Zhongguo shuxueshi lunwenji HFBI#E2 52 54 (China
Historical Materials of Science and Technology), volume 2, pages 65-78.
Shandong jiaoyu chubanshe LIFRZE H it , Jinan, 1986, or Liu Dun's
ZI#1 introduction to Wang Lai's {£2¢ Dijian shuli IE3£E3E (Mathemati-
cal principles of sequential combinations). In: Hengzhai suanxue #7255 2
(Hengzhai's Mathematical Learning), volume 4, pages 6b-12b. Jiashutang
1% |, China, 1854. Reprint in [Guo 1993] op cit. vol. 4, pp. 1512-1516,
here p. 1479.

11 For an extensive discussion of the strands of this tradition, see Andrea
Bréard. Re-Kreation eines mathematischen Konzeptes im chinesischen
Diskurs: Reihen vom 1. bis zum 19. Jahrhundert, volume 42 of Boethius.
Steiner Verlag, Stuttgart, 1999.

12
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mathematical tradition, Wang Lai links here combinations to
finite sums of arithmetical sequences. He gives drawings for
C10, illustrating for the example of ten objects the sum of finite
series with surfaces and piles of unit pebbles (see figure 0.4
fori =1,...5 from right to left). He also remarks the symme-
try C10 = C1§_,, which explains why he does not illustrate the
cases C!0 fori = 6, ... 10, but only the cases, where sequen-
tially one, two, three, four or five objects are drawn from a set
of ten objects.

When Wang Lai calculates the total number of pebbles lined or
piled up in triangular or pyramidal shape, the so called ‘trian-
gular piles’ (sanjiao dui =ff#£), he uses the following proce-
dures for finding the sums of finite arithmetical series of higher
order, which were (except for C1%) known to Zhu Shijie :

13
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Cl'=CP=1+1+...+1=10

9
9-10
ClO—0l0 —149243+...49= k="""=45
3 b +2434+...+ §1 5

8

k(k+1)

CO—Cl0=143464+10+...+ Z +
k=1

~8:9-10

=120
2-3

k+1 )(k+2)

7

Ci():(jéoz1+4+1O+20+...+84:Z

k=1

_ 78910 o
2-3.4

k(k+ 1)(k+2)(k +3) _

6
C3¥=145+15+35+T0+126=
k=1

24
_ 6-7-8-9-10 _ 959
5-4-3-2

The illustrations of C}? in figure 0.4 (where i = 1,...5 from
top right to left) suggest the patterns of formation of every term
of the above series. The series C3° =1+2+ 3+ ...+ 9 thus
becomes a triangle in which pebbles are piled up in rows with
1to 9 pebbles in each successive row. The next sumis then a
regular pyramid, where each layer is composed of one of such
triangles, each having (from top to bottom) 1, 3, 6, ...and 36
elements. For C}°, for example, Wang shows seven triangular
pyramids with one to seven layers:

ClO =14 (143)+(1+34+6)+...+(1+3+6+10+15+21428)

14
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Figure 0.4: ‘Diagrammatic explanation of the partial number of
sequential combinations for 10 objects’ in Wang
Lai (1768-1813), Mathematical Principles of Se-
quential Combinations

Finally, Ci° is represented as 21 pyramids which can be
grouped in two ways. A horizontal reading of the drawings in
the left half of figure 0.4 gives the terms:

CHO=6.1+45-44+4-10+3-20+2-35+1-56

whereas a diagonal reading from left to right produces differ-
ent terms for the same sum:

15
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OO =14+ (1+4)+(1+4+10)+ (1 +4+10+20)+

+(1+4+10+420+35) + (1 + 4+ 10 4 20 + 35 + 56).

As an application of Wang Lai's procedure to calculate S,,,
only one related mathematical problem is stated in his text.
It stems from the earliest witness of combinatorial practices,
divination with hexagrams. In Wang's example, a shaman per-
forming yarrow stalks divination (shigua %%l produces a hex-
agram, a configuration made up of six lines (liu yao 75X).
Wang is interested in the total number of possible transforma-
tions of the one to six lines, that one can produce with a hexa-
gram. Mathematically, this corresponds to finding the sum of
CY + C§ + C§ + C§ + C8 + CE. He calculates his result, not
by summing up the C?, but by using the first recursive method
introduced in the beginning of his essay to calculate the ‘total
number of sequential combinations’. He proceeds by doubling
successively the minimum number of lines in such a configu-
ration and then adding one. Wang Lai remarks that five (i.e.
the maximum number of lines that one can obtain minus one)
iterations give the total number of possible configurations. In
five steps he calculates the result:

2:-1+1=3

2:3+1=7

2.-7+1=15
2:-15+1=31
2:31+1=63

In a second step, Wang Lai calculates the possibilities to mute
one to six lines of a given hexagram, which mathematically

16
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corresponds to the ‘partial’ C,?. He does calculate these by
using the procedures for ‘triangular piles’. Again, as Wang Lai
recognized the symmetry C}}, = C}'_,., he does not have to go
beyond the calculation of C¥:

cé=ct=6
5
5 1)
026204:15_ + => k
k=1
4 4 k
4-(4+1) k(k+1)
cg—z0- O EED S HEED S
k=1 k=1 1i=1
ce=1
6
Y Ci=63
k=1

It is somewhat surprising, that Wang Lai does not bring his cal-
culations in connection with the arithmetic triangle, as did Jiao
Xun, his contemporary and close friend. Its seventh line would
contain precisely the CS forn = 0, ..., 6 (i.e. the numbers 1, 6,
15, 20, 15, 6 and 1), and their sum equals 2°. But Wang does
not refer here to the corresponding values in the triangle. And
again, no explicit mention of the fact that 63 = 26 — 1 nor of
any kind of generalization to S,, = 2" — 1 can be found in his
text.

What Wang gives in the end, are the procedures for ‘plane
triangular piles’ (the sum of the natural numbers), for ‘solid tri-
angular piles’ (the sum of the sums of natural numbers) and
the general procedure for the sum of higher order ‘triangular

17
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piles’ (i.e. finite arithmetic series):

m+1)-(n+2)-...(n+m)

= o,
1-2-...m m

Finally, as an example for his general procedure, Wang ex-
plicitly formulates the procedure and performs numerical cal-
culations to determine the sum of the so called ‘fourth-order
triangular pile’ (si cheng sanjiao dui VU3 = fA1#)'2 with five as
the particular ‘base number’ (genshu R%%):

5-(5+1)-(5+2)-(5+3) (5+4)
1-2-3-4-5

ci =09 = =126
Altogether, Wang Lai did constitute a point of synthesis of
two independent mainstreams interested in ‘combinatorial’ re-
sults, the ‘figurate numbers’ stemming from Zhu Shijie's math-
ematical researches on triangular piles, and the combinatorial
practices, going back to the divinatory devices of the Yijing.
It seems, that knowledge and practices related to the sixty-
four hexagrams, in particular considerations of mutations of
lines, were the paradigmatic model for “early” combinatorial
algorithms in China.

Complete translation of Wang Lai’s text

“Procedures (shu #) of sequential combinations had not been
discovered in ancient times. Now that | have decided to inves-

12 Literally the Chinese term here rendered as ‘order’ can be translated
as ‘multiplication’, since, as Chen points out himself, this number corre-
sponds to the number of multiplications to be performed to calculate each,
the dividend and the divisor.

18



10

15

20

25

30

Divination with Hexagrams as Combinatorial Practice

tigate them, it is thus appropriate to explain the object of in-
quiry first. Let us suppose one has all kinds of objects. Start-
ing off from one object of which each establishes one con-
figuration (shu %%), and going up to all the objects taken to-
gether, they form altogether one configuration. In between lie
sequentially: two objects connected to each other forming one
configuration, we shall discuss how many configurations this
can make through exchanging and permuting (jiao cuo 2 §8);
three objects connected to each other forming one configura-
tion, we shall discuss how many configurations this can make
through exchanging and permuting; four objects, five objects,
up to arbitrarily many objects, not one doesn't entirely follow
those which is the so called procedures of sequential combi-
nations.

When we want to seek/determine how much makes the total
of [these] numbers [the number of ‘sequential combinations’,
or in mathematical terms: the sum of the C}'], and how much
makes each partial number [the C}' themselves], one distin-
guishes two methods.

[The first] method: One takes the supposed number of ob-
jects [n] and subtracts one unit/the number one [= n—1]. This
gives the number of times one will have to ‘double the base’.
Thus, one takes one as the [first] base [C1], doubles it and
adds one. We obtain three as the [result] of the first [iteration]
[C? + C3]. Again, one doubles this and adds one to obtain
seven as the [result] of the second [iteration] [C} + C3 + C3].
In this way, one successively doubles and successively adds
one until one arrives at the corresponding number of times
[i.e. n — 1 iterations], where one stops. What one obtains in
the end is the total number of mutual combinations (xiang jian

FHFR).

19
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[The second] method: Again, one takes the supposed num-
ber of objects [n] - which is in fact the number when each [ob-
ject] constitutes individually a configuration [C7]'® - and sub-
tracts one. This makes the base of a triangular pile.' Now,
when by taking this base number one seeks/determines the
resulting plane triangular pile, it makes the number of mu-
tual combinations of two objects [C7]. Again, subtracting one
unit/the number one, when one seeks/determines the result-
ing solid triangular pile, it makes the number of mutual combi-
nations of three objects [C7]. Again, subtracting one unit/the
number one, when one seeks/determines the resulting four-
dimensional triangular pile,'® it makes the number of mutual

13 The idea of Wang Lai here to link the number of objects to the number
of possible combinations one out of n, corresponds mathematically to the
equality C7" = n. In Wang's second diagram, with n. = 10, the number C1, is
represented on the upper right side, by an alinement of ten unitary pebbles.
14 This is the number of units at the base of a triangle or a pyramid consti-
tuted of unitary elements. With b = n — 1, a ‘triangular pile’ in the plain, for
example, would be constituted of b elements at the base of the triangle, of
b — 1 elements in the row above the base, of b — 2 elements placed above,
etc. up to a single element at the tip of the triangle. Altogether this makes
b+ (b—1) + ... + 2 + 1 elements, which is equal to -1 elements, or to
C3' as Wang Lai indicates in the following sentence.

15 Translated into anachronistic modern mathematical language, this cor-
responds to the passage from the sum:

Tgk(kﬂ)
12
k=1

to the sum of the arithmetic series of one order higher:

n—3

le(k + 1)(k + 2)
1-2-3

(]

B
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combinations of four objects [C}]."®

In this way, one successively subtracts from/diminishes the
base number and successively augments the number of di-
mensions to seek/determine the resulting various numbers of
mutual combinations, until one arrives at the median number,
where one stops. Beyond the central/median number, it [the
procedure] is the same as before, one does not need to redo
the calculations backwards. The central/median number is po-
sitioned in the middle, determined by the ‘remaining number’
[of steps to perform] when one has taken away/subtracted
from the originally supposed number of objects [n] up to the
constellation with the most [elements]. When the ‘remaining
number’ is odd, then there is a single centre/median. When it
is even, then there are two centres/medians. In case there are
two centers, their numbers of mutual combinations are also
equal.’” Such are the partial numbers of sequential combi-
nations (dijian zhi fenshu JE# 2 778). Now, we give below
explanation with diagrams, using ten objects. When pushing
this further to hundred, thousand, ten thousand or one hun-
dred million, there will be none, that does not conform to the
same principle!”

16 In Wang's diagram, the number C1° is represented by a set of seven
triangular pyramids, of which the smallest has one pebble at its base, and
the biggest one seven [10 — 3 = 7] pebbles at the side of the base triangle.
17 If, for example, one calculates the C}°, one has two ‘centers/medians’
with the same value: C:° and C3°, and there is an even number of C.° to
be determined by symmetry, i.e. the four values C3° = C1°, C° = C1°,

10 10 10 10
Cy" =037, Cio =C1.
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Divination with Hexagrams as Combinatorial Practice

Diagram and Explanation of the total number of sequential
combinations of ten objects.

gives 1023 9th

gives 511 8th
gives 255 7th

gives 127 6th

gives 63 5th

gives 31 4th

gives 15 3rd

gives 7 2nd

gives 3 1st

double & add

1 base

The explanation says: ‘Adding one unit’, is the configuration
established individually by a supposed extra object. The total
number of sequential combinations of the objects diminished
by one makes the base [S,,_1]. ‘Doubling it’: one has to mutu-
ally combine the configuration established individually by the
supposed extra object with the previous number of sequen-
tially combined [objects] in order to obtain all the configura-
tions.

Diagram and Explanation of the partial number of sequential
combinations of ten objects.

[diagrams with piles of unitary spheres]...

The explanation says: When deducing the partial number
of sequential combinations we use triangular piles. There are
five explanations to this.

The first one is, that by taking single objects as the dominant
[element],'® and by combining the other objects, one obtains

18 Zhu Z, lit. host (who invites). In cosmology: to exerce a domination in
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their amount. If then, by taking one more object as the domi-
nant [element], and by combining the other objects, one does
not have to combine again the object which was previously
been taken as the dominant [element]. This is why that which
one obtains has to be smaller by one number. From there/by
this, sequentially subtract and subsequently construct a trian-
gular form.

Another one [another explanation] is, that by taking one ob-
ject as the dominant [element], and by combining the other
objects, one obtains their amount. If then, by taking two ob-
jects as the dominant [elements], and by combining the other
objects, the object that has been subjected to combination has
already been deduced as one dominant [element]. This is why
that which one obtains has to be smaller by one number. From
there/by this, sequentially subtract, this is why the base num-
ber is sequentially reduced by one.

Another one [another explanation] is, that by taking one ob-
ject as the dominant [element], and by combining the other
objects, one constructs one/the first base. Each object se-
quentially subtracted, this constructs a plane triangular pile.
If then, by taking two objects as the dominant [element], then
the one object and the other object together make a combina-
tion of two different objects, and construct/form a base. That
object and another object again together make two objects.
By combining the other objects again one constructs/forms a
base. From there/by this, sequentially subtract and proceed to
subsequently erect a solid triangular pile. From there/by this

the cycle of the five agents (wu xing 71.1T). In chin. pharm.: the dominant
ingredient in the composition of a prescription. In divin.: being an indicator
of; prognostic.
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sequentially proceed, this is why the number by which is mul-
tiplied sequentially augments by one.

Another one [another explanation] concerns what comes
before and after the median number. The number of what has
been combined before it, and the number of what has not yet
been combined after it are equal. This is why the obtained
numbers are equal.

Another one [another explanation] is, that the median num-
ber is in the middle of each individual object establishing one
number [CT] and each individual object not yet being com-
bined [C]_,]. This is the reason why we do not consider the
one position where all objects are taken together [C]} = 1].

An example:

Let us suppose that a shaman is divining/determining a hex-
agram. Each hexagram has six lines. From muting one line up
to all the mutations of six lines, one asks in total, how many
mutations of hexagrams there are?'® and how many muta-
tions there are for the configurations of all the different num-
bers of lines?2° The method is to take the six lines, subtract
the number one. This gives five as the number of times one
will have to ‘double the base’. Thus, one takes one as the [first]
base. One doubles for the first time and adds one. One obtains
three. One doubles this for the second time and adds one.
One obtains seven. One doubles this for the third time and
adds one. One obtains fifteen. One doubles this for the fourth

19 Wang is interested in the total number of possible transformations of
one to six lines, which corresponds to finding the sum of C% + C$ + C§ +
CS + C8 + C¢, what he called in the first part of his text the ‘total number of
sequential combinations’, here for n = 6.

20 Here, Wang asks for the ‘partial numbers of sequential combinations’
forn =6:C?, CS, CS, CS, CS and C§.
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time and adds one. One obtains thirty-one. One doubles this
for the fifth time and adds one. One obtains sixty-three. The
total number of mutations of configurations is sixty-three con-
figurations.

Furthermore, one takes the number of six lines, it is the
number of hexagrams with mutations of one line, which is
equal to the number of configurations with mutations of five
lines.2! From six lines one subtracts the number one, and ob-
tains five as the basis of a plane triangular pile. One uses the
method for plane triangular piles to calculate/deduce the result
of fifteen as the product-/surface-number. This is the number
of configurations with mutations of two lines, which is equal
to the number of configurations with mutations of four lines.??
From the previous base-number one subtracts one, and ob-
tains four as the basis of a solid triangular pile. One uses the
method for solid triangular piles to calculate/deduce the result
of twenty as the product-/surface-number. This is the number
of configurations with mutations of three lines.?® Six lines com-
bined together give one,?* this is the number of configurations
with mutations of all six lines.

A general method for determining the accumula-
tion/product/sum of triangular piles.

In general, for a plane triangular pile, one multiplies the base
number augmented by one with the base number and halves
this. One obtains the accumulation number. For the solid trian-
gular pile, one multiplies the base number augmented by one
with the base number; Furthermore one multiplies this with

21 ¢t =cf=6.
22 0f=0C5=15="201 s &

k=1""
23 Cf =20 = MG = 3L, M = T T
6 — 1
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the base number augmented by two. What one obtains is di-
vided by six. One obtains the accumulation number. This is a
determined method/a fixed law. On the other hand, from four
dimensional [piles] upwards, we do not yet have their proce-
dures. This is why | establish a general method (tongfa i&i%).

The method [is]: take the base number. Use one, two, three,
four, five, six, seven, eight, nine, ten, up to hundreds, thou-
sands, ten thousands, hundred thousands. In respective se-
quence add to all number seperately up to the ‘multiplication
number’ (cheng shu F€#)), where one stops. This makes the
cumulative multiplication model/pattern (lei cheng fa Z31%).
Then put down the base number and cumulatively multiply it
with the cumulative multiplication model/pattern (lei cheng fa
Z9i%). The obtained number makes the dividend. Further-
more put down one as the divisor. First, use one, two, three,
four, five, six, seven, eight, nine, ten, up to hundreds, thou-
sands, ten thousands, hundred thousands. In respective se-
quence multiply all numbers cumulatively. This makes the di-
visor model/pattern (chu fa Bx3%) of the associated multiplica-
tive triangular pile. With the divisor model/pattern of the de-
termined 'multiplication number' (cheng shu 3€%Y) one divides
the previously [found] dividend. One obtains the accumulation
number.

An example: Let us suppose that the base number is
five, one wants to find the ‘four-multiplicative triangular
pile’.?® Taking five and adding one makes six, adding two
makes seven, adding three makes eight, adding four makes

25 l.e. the five-dimensional triangular pile, or: the sum of a se-

ries with terms in arithmetic progression of order 5. Cp™* =

n ko i(i+1)(i4+2 n(n+1)(n+2)(n+3)(n+4 .
Zk:l Zi:l e (>3( 2 nint )<1§.§,<4.§ L )' Here: Cg = ?-(254;-89 =
126.

4-5
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nine. Since what one wants to find is the ‘four-multiplicative
[number]’, we stop at addition of four. What is calculated is
six, seven, eight, nine. One has obtained the ‘four cumulative
multiplication model/pattern’ (lei cheng fa £3E1£). Then, put
down the base number five, and cumulatively multiply it. At
the first step (ci {X), use six to multiply, one obtains thirty.
At the second step, use seven to multiply, one obtains 210.
At the third step, use eight to multiply, one obtains 1680. At
the fourth step, use nine to multiply, one obtains 15120. This
makes the dividend. Furthermore, put down one. At the first
step, use two to multiply, one obtains two. At the second step,
use three to multiply, one obtains six. At the third step, use
four to multiply, one obtains twenty-four. At the fourth step,
use five to multiply, one obtains 120. Since what one wants
to find is the ‘four-multiplicative [number]’, this corresponds
to what has been obtained as the divisor model/pattern (chu
fa B&1£) at this fourth step. With this divisor model/pattern
120 divide the previous dividend. One obtains 126 as the
accumulation/product/sum number.28

26 Translated from [Wang 1854] op cit. vol. 4, p. 7a-12b (p. 1512-1515).
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